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Let the nonsolvable N be a normal subgroup of the ﬁnite group
G and cd(G|N) denote the irreducible character degrees of G
such that there exist respectively corresponding character kernels
not containing N . Write |cd(G|N)| to stand for the cardinality of
cd(G|N). Suppose that |cd(G|N)| 5. In this paper, we prove that
if N is a minimal normal subgroup, then N is a simple group of Lie
type. When N is a normal subgroup, we prove that G has a normal
series 1 V < U  N  G such that V is solvable, U/V is a simple
group of Lie type and the cardinality |cd(G/U )| 3. As an applica-
tion, we investigate the structure of G when 5 |cd(G)| 6. Here
cd(G) denotes the set of irreducible character degrees of G .
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, we only consider ﬁnite groups and their complex characters. For a normal
subgroup N of a ﬁnite group G , we denote by Irr(G|N) the set of irreducible characters of G whose
kernels do not contain N , and cd(G|N) the set of degrees of the members in Irr(G|N). It is shown (via
[9, Theorem B]) that if |cd(G|N)|  2 then N is solvable. However, a moment’s thought shows that
|cd(G|N)| = 3 does not imply the solvability of N . For example, we have cd(S5|A5) = {4,5,6}. If N is
nonsolvable and |cd(G|N)| contains few members, what can be said about the structure of N? In [6],
we characterize G and N just when |cd(G|N)| = 3. In this paper, we prove the following results.
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N is isomorphic to some PSL2(q) for q  4, PSL3(4) or some 2B2(q2), q2 = 2. Furthermore, if N ∼= PSL3(4) or
2B2(q2), q2 = 2, then |cd(G|N)| = 5.
Theorem B. Let N be a nonsolvable normal subgroup of G with |cd(G|N)| 5. If U/V is a nonsolvable chief
factor of G with U  N. Then |cd(G/U )| 3 and U/V is isomorphic to some PSL2(q) for q 4, some 2B2(q2),
q2 = 2 or PSL3(4). Moreover, V is solvable. Furthermore, if U/V is isomorphic to 2B2(q2), q2 = 2 or PSL3(4),
then G/U is abelian.
In M. Isaacs’ book [8], it is proved that if |cd(G)| = 2, then G is solvable and G ′ is abelian. When
cd(G) = 3, G is also solvable and G ′′′ = 1. The more detailed information can be found in [8, The-
orems 12.5 and 12.8] and [1]. When |cd(G)| = 4, G need not be solvable. For instance, cd(A5) =
{1,3,4,5}. G. Malle and A. Moretó [14] characterize the nonsolvable group G with |cd(G)| = 4. As
an application of Theorem B, we prove the following result. Write Cn to indicate the cyclic group of
order n.
Corollary C. If G is a nonsolvable group such that 5  |cd(G)|  6, then there exists a solvable subgroup
V  G in G ′ such that G ′/V is isomorphic to PSL2(q), q = p f  4, PSL3(4), or 2B2(q2), q2 = 2 f , f = 2m+ 1
and m 1. Speciﬁcally, one of the following statements holds:
1. When G ′/V ∼= PSL2(q), then G/G ′  C f × Cd, where d = (p − 1,2).
2. When G ′/V ∼= 2B2(q2), then G/G ′  C f .
3. When G ′/V ∼= PSL3(4), then G/G ′  C2 × S3 .
2. Almost simple groups
2.1. Alternating groups, sporadic groups
Lemma 2.1. Let S be a nonabelian simple group isomorphic to alternating group An (n 5), and suppose that
G is a group such that S  G  Aut(S). Then |cd(G|S)| > 5 unless one of the following cases occurs.
1. |cd(G|S)| = 4 when n = 6 and G ∼= A6, S6 or Aut(A6);
2. |cd(G|S)| = 3 when n = 6 and G ∼= M10,PGL2(9);
3. |cd(G|S)| = 3 when n = 5.
Proof. For a partition (n − s − r, s + 1,1r−1) of n  8, it is shown in [15] that Sn has an irreducible
character, labelled by χr,s , where r  1, s 0, and r+2s+1 n. Furthermore, χr,s restricts irreducibly
to An except when s = 0 and n = 2r + 1 or s = 1 and n = 2r + 2. Its degree formula is
χr,s(1) =
(
n
s
)(
n − s − 1
r − 1
)
n − 2s − r
r + s .
Based on this formula, we may pick six characters with distinct degrees, for example, χ1,0,χ2,0,
χ3,0,χ1,1,χ1,2,χ2,1. By simple calculations, it is known that their degrees are n − 1, (n − 1)(n −
2)/2, (n − 1)(n − 2)(n − 3)/6,n(n − 3)/2,n(n − 2)(n − 4)/3,n(n − 1)(n − 5)/6, respectively. Note that
cd(S7) = {1,6,14,15,20,21,35} (by GAP) and cd(A7) = {1,6,10,14,15,21,35}. Since Aut(S) ∼= S7 for
S ∼= A7, it follows that |cd(G|S)| = 6.
It is known that cd(S5) = {1,4,5,6} and cd(A5) = {1,3,4,5}, we get that |cd(G|S)| = 3.
Now we handle the case S ∼= A6, which is also isomorphic to PSL2(9). By [10] or [11], it follows
that G is isomorphic to A6,PGL2(9),M10, S6, or Aut(A6) whose quotient by A6 is Klein 4-group. Again
by [11], it follows that cd(A6) = {1,5,8,9,10}, cd(S6) = {1,5,9,10,16}, cd(PGL2(9)) = {1,8,9,10},
cd(M10) = {1,9,10,16}, and cd(Aut(A6)) = {1,9,10,16,20}. The proof is ﬁnished. 
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Extendible character degrees of sporadic and tits groups.
S η1(1) η2(1) η3(1) η4(1) η5(1) η6(1) Out
M11 10 11 16 44 45 55 1
M12 45 54 66 99 120 144 2
J1 56 76 77 120 133 209 1
M22 21 55 99 154 210 231 2
J2 36 63 90 126 160 175 2
M23 22 45 230 231 253 770 1
2 F4(2)′ 78 300 325 650 675 1728 2
HS 22 77 175 231 693 825 2
J3 324 816 1140 1615 2432 2754 2
M24 23 45 231 252 253 483 1
McL 22 231 252 1750 4500 4752 2
He 680 1920 4080 4352 6272 6528 2
Ru 378 406 783 3276 3654 20475 1
Suz 143 364 780 1001 3432 5940 2
O ′N 10944 26752 32696 52668 58653 85064 2
Co3 23 253 275 896 1771 2024 1
Co2 23 253 275 1771 2024 2277 1
F i22 78 429 1001 1430 3003 3080 2
HN 760 3344 8910 9405 16929 214016 2
L y 2480 45694 48174 120064 381766 1152735 1
Th 248 4123 27000 30628 30875 61256 1
F i23 782 3588 5083 25806 30888 60996 1
Co1 276 299 1771 8855 17250 27300 1
J4 1333 299367 887778 88911 1187145 1776888 1
F i′24 8671 57477 249458 555611 1603525 1666833 2
B 4371 96255 1139374 9458750 9550635 63532485 1
M 196883 21296876 842609326 18538750076 19360062 527 293553734298 1
Lemma 2.2. Let S be a nonabelian simple group isomorphic to one of sporadic simple groups, or Tits group
2F4(2)′ , and suppose that G is a group such that S  G  Aut(S). Then |cd(G|S)| > 5.
Proof. If |Out(S)| = 1, then any irreducible character of S is also viewed as that of Aut(S). If
|Out(S)| = 2 and the degree of η ∈ Irr(S) is unique, then η is extendible to Aut(S). Thus all char-
acters in each case of Table 1 are extended to Aut(G). The degrees in Table 1 are from [4]. 
2.2. Groups of Lie type
Lemma 2.3. Let S be a simple group of Lie type over a ﬁeld with characteristic p and St denote the Steinberg
character for S. Then St is extendible to Aut(S) and its degree St(1) = |S|p .
Proof. The former part is the Schmid’s result found in [17] or [18], and the latter part can be found
in Theorem 6.4.7 of [3]. 
Lemma 2.4. Let q = p f such that p is a prime and f is a positive integer. Then q > 2 f + 1 except when p = 2
and f  2, where q = 2 f , or when p = 3 and f = 1, where q = 2 f + 1.
Proof. It is immediate from the proof of [11, Lemma 3.2]. 
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Let S = PSL2(q) for q = p f  4. It is well known that the outer automorphism group Out(S) ∼=
〈δ〉 × 〈φ〉, where δ indicates a diagonal automorphism of order (2,q − 1) and φ indicates a ﬁeld
automorphism of order f . When q = 2 f  4, cd(S) = {1,2 f −1,2 f ,2 f +1}. Observe that this includes
the case S = PSL2(5) (∼= PSL2(4) ∼= A5). When q > 5 is odd, cd(S) = {1,q−1,q,q+1, (q+ε)/2}, where
ε = (−1)(q−1)/2. Recall that PSL2(2) ∼= S3 and PSL2(3) ∼= A4, both of which are solvable.
Let d(n) denote the number of positive divisors of n, i.e., d(n) = ∑d|n 1. It is straightforward to
verify that d(n) is a multiplicative function, i.e., d(kl) = d(k)d(l) for the relatively prime integers k
and l. Let the (unique) prime power factorization n = ra11 ra22 · · · ratt for positive integers ai and distinct
primes ri , 1 i  t , then d(n) = (1+ a1)(1+ a2) · · · (1+ at). For a group G , we write d(G) for d(|G|).
It is clear that if d(G/N) = 1, then G = N; if d(G/N) = 2, the G/N is a cyclic group of prime order. Let
S  G  Aut(S). In [24, Theorem A], D. White gives the precise information on cd(G), which is just
expressible as the disjoint union of three subsets as follows.
Theorem 2.5. Let S = PSL2(q), where 5 = q = p f  4 for a prime p. Let S  G  Aut(S). Set N = S〈δ〉 if
δ ∈ G, and N = S otherwise. Let |G : N| = k = 2am, m odd. When p is odd, set ε = (−1)(q−1)/2 . Then
cd(G) = {1,q, (q + ε)/2}∪ {(q − 1)2al: l|m}∪ {(q + 1) j: j|k},
unless the following cases occur.
1. If p is odd with G  S〈φ〉 or if p = 2, then (q + ε)/2 is not a degree of G.
2. If f is odd, p = 3, and G = S〈φ〉, then l = 1.
3. If f is odd, p = 3, and G = Aut(S), then j = 1.
4. If f is odd, p = 2,3,5, and G = S〈φ〉, then j = 1.
5. If f ≡ 2 (mod 4), p = 2 or 3, and G = S〈φ〉 or G = S〈δφ〉, then j = 2.
Applying this result, we get the following consequence.
Theorem 2.6. Assume the hypotheses of Theorem 2.5. Then
1. If d(G/N) 4, then |cd(G|S)| 6.
2. If d(G/N) = 3, then |cd(G|S)| 6 unless p is odd with G  S〈φ〉 or p = 2, in which case |cd(G|S)| = 5.
3. If d(G/N) = 2, then |cd(G|S)| 6 except possibly when k is a prime.
4. If d(G/N) = 1, then |cd(G|S)| = 3 except when odd q > 5, where |cd(G|S)| = 4.
Proof. Part 1. Assume that d(G/N) is at least 4.
Case 1. d(G/N)  6. In Theorem 2.5, cd(G) is written in the form of the disjoint union of three
subsets. The ﬁrst subset contains at least one member q. Cases 3 and 5 in Theorem 2.5 do not si-
multaneously occur, and it is same for cases 4 and 5, thus the third subset has at least ﬁve members
since d(G/N) 6, hence |cd(G|S)| 6, as desired.
Case 2. d(G/N) = 5. It follows that k is a prime power with exponent 4. Recall that k = |G/N|
divides f for δ ∈ N , while divides (2,q − 1) f for δ /∈ N .
If k is a 2-power, then k = 24, and so f is even. Suppose that q is even. Applying Theorem 2.5, the
ﬁrst subset possesses a member q, the second one has a member, and the third one has ﬁve members
except where f ≡ 2 (mod 4), and G = S〈φ〉 or S〈δφ〉. However, the exceptional case impossibly occurs
since 4| f . Thus |cd(G|S)| = 7. Now suppose that q is odd. When G < S〈φ〉, it follows that |cd(G|S)| =
2 + 1 + 5 = 8, where 2,1,5 denote respectively the numbers of elements of the three subsets in
the order listed in Theorem 2.5. When G = S〈φ〉, it is seen that |cd(G|S)| = 2 + 1 + 5 = 8. When
G  S〈φ〉, we reach that |cd(G|S)| = 1+1+5 = 7 unless G = S〈δφ〉 and f ≡ 2 (mod 4), in which case
|cd(G|S)| = 1+ 1+ 4 = 6.
Let k be an odd prime power with exponent 4. By using Theorem 2.5, it always holds that
|cd(G|S)| 1+ 4+ 4 = 9.
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primes r1, r2.
Suppose that |G/N| = 23. If p is odd with G  S〈φ〉, or if p = 2, then |cd(G|S)| = 1 + 1 + 4 = 6,
while otherwise, |cd(G|S)| = 2+ 1+ 4 = 7.
Now suppose that |G/N| = r3 for some odd prime r or |G/N| = r1r2 for different odd primes r1, r2.
If G < S〈φ〉, then |cd(G|S)| = 2+ 3+ 3 = 8.
If G = S〈φ〉, p = 3 and f even, then |cd(G|S)| = 2+ 3+ 3 = 8.
If G = S〈φ〉, p = 3 and f odd, then |cd(G|S)| = 2+ 2+ 2 = 6.
If G = S〈φ〉, p > 3, then |cd(G|S)| 2+ 3+ 2 = 7.
If G  S〈φ〉, p = 3, and f even, then |cd(G|S)| = 1+ 4+ 4 = 9.
If G  S〈φ〉, p = 3, and f odd, then |cd(G|S)| = 1+ 4+ 3 = 8.
If G  S〈φ〉, p > 3, then |cd(G|S)| = 2+ 4+ 4 = 10.
Finally, suppose that |G/N| = 2r for some odd prime r.
If G < S〈φ〉, then |cd(G|S)| 1+ 2+ 4 = 7.
If G = S〈φ〉, p = 3 and f even, then |cd(G|S)| 2+ 2+ 3 7.
If G = S〈φ〉, p = 3 and f odd, then |cd(G|S)| = 2+ 1+ 3 = 6.
If G = S〈φ〉, p > 3, then |cd(G|S)| 2+ 2+ 3 = 7.
If G  S〈φ〉, p = 3, and f even, then |cd(G|S)| 1+ 2+ 3 = 6.
If G  S〈φ〉, p = 3, and f odd, then |cd(G|S)| 1+ 2+ 3 = 6.
If G  S〈φ〉, p > 3, then |cd(G|S)| 1+ 2+ 3 = 6.
Part 2. Assume that d(G/N) is exactly 3.
Since d(G/N) = 3 is a prime, it follows that k is a prime power with exponent 2. Thus we can
apply the arguments (similar to those of Part 1) to yielding the required result.
Part 3. Assume that d(G/N) is equal to 2.
As above, if d(G/N) = 2, then k is a prime number. The arguments are similar to those of Part 1,
we omit details.
Part 4. Assume that d(G/N) equals 1.
We have k = 1, and G = N , so G is equal to S or S〈δ〉. Recall that |PGL2(q) : PSL2(q)| = (2,q − 1),
and PGL2(q) = PSL2(q)〈δ〉 = S〈δ〉 for odd q. When q = p f > 5 is odd, the character degree set of
PSL2(q) is {1,q, (q+ ε)/2,q− 1,q+ 1}, where ε = (−1)(q−1)/2, and the character degree set of PSL2(q)
for even q or PGL2(q) for odd q is {1,q,q − 1,q + 1}. Hence, if G = S , then |cd(G|S)| = 4 for odd
q > 5, and |cd(G|S)| = 3 for even q 4. If G = S〈δ〉, then |cd(G|S)| = 3. Observe that if q is even, then
PGL2(q) = PSL2(q) = S and δ is an inner automorphism. The whole proof is completed. 
We note that PSL3(2) is isomorphic to PSL2(7), which is dealt with in Theorem 2.6.
Lemma 2.7. Let S be isomorphic to PSL3(q), q  3 and S  G  Aut(S). Then |cd(G|S)| > 5 apart possibly
from PSL3(4).
Proof. For S ∼= PSL3(3), by consulting Atlas, we get that cd(S) = {1,12,13,16,26,27,39} and
|Out(S)| = 2. Because the characters of degrees 12,13,27,39 are respectively unique, they can be
extended to G . Let the degrees of θi ∈ Irr(S), i = 1,2 be 16,26, respectively, and assume that χi is an
irreducible constituent of θGi . The applications of Clifford’s Theorem 6.2 of [8] yield that χ1(1) equals
16 or 32, and χ2(1) equals 26 or 52. In any case, we always conclude that |cd(G|S)| = 6.
Assume that S ∼= PSL3(q) for q 5. By Table 2 of [19], we may get the character degrees as follows:
1 q2 + q + 1 (q − 1)(q2 + q + 1)
q3 q
(
q2 + q + 1) (q + 1)(q2 + q + 1)
q(q + 1) (q − 1)2(q + 1) 1 (q + 1)(q2 + q + 1).
d
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by [4].
Let θi(1) equal respectively to q2 + q + 1,q(q2 + q + 1), (q + 1)(q2 + q + 1), (q − 1)2(q + 1) for
θi ∈ Irr(S) and 1 i  4. Let χi be an irreducible constituent of θGi for 1 i  4. Using Corollary 11.29
of [8], it follows that χi(1) = aiθi(1) and ai divides 2df . If χ1(1) = χ2(1) then a1(q2 + q + 1) =
a2q(q2 + q + 1), and so a1 = a2q, thus q|2df . Because (q,d) = 1, q|2 f , this is a contradiction since
q > 2 f . Therefore we conclude χ1(1) = χ2(1). Likewise, if a1(q2 + q+ 1) = a3(q+ 1)(q2 + q+ 1), then
a1 = a3(q + 1), and so q + 1|2df . This is impossible since (q + 1,d) = 1, and thus χ1(1) = χ3(1). If
a1(q2 + q + 1) = a4(q − 1)2(q + 1), then since q + 1 and q2 + q + 1 are relatively prime, we have that
q + 1|2df , also a contradiction, which implies χ1(1) = χ4(1). Indeed, similar computations yield that
χi(1), i = 2,3,4, are pairwise distinct.
By Lemma 2.3, the Steinberg character St of degree q3 is extendible to G; and the character labelled
by (1,2) of degree q(q+1) is unipotent and also extendible to G by [12, Theorems 2.4–2.5]. Therefore
we conclude |cd(G|S)| 6. 
Lemma 2.8. Let S be isomorphic to PSL3(4) and S  G  Aut(S). If G/S is not abelian, then |cd(G|S)|  6.
If otherwise, then |cd(G|S)| 5.
Proof. By checking Atlas, we have that cd(S) = {1,20,35,45,63,64} and Out(S) ∼= C2 × S3. Denote
the six characters by θ1, θ2, . . . , θ6 in that order.
Assume that G = Aut(S). It is known that Out(S) = C2 × S3. As cd(S3) = {1,2}, we have cd(C2 ×
S3) = {1,2}. Let χi be an irreducible constituent of θGi , applying Corollary 11.29 of [8], we obtain that
χi(1) = aiθi(1) and each ai divides 12. By simple calculations, it easily follows that 20a1 is unequal to
35a2, 45a3 and 63a4, and that 35a2 is unequal to 45a3 and 63a4, and that 45a3 is not equal to 63a4.
Indeed, θ5 is the Steinberg character which can extend to G . Gallagher’s theorem (6.17 of [8]) shows
that θG5 has irreducible constituents with degrees 64 and 128. Thus, we conclude that |cd(G|S)| 6.
If G/S is isomorphic to S3, the same argument as above is applied to yielding that |cd(G|S)| 6.
In the remaining cases, G/S is always abelian. By the previous paragraph, it follows that
|cd(G|S)| 5. Thus the desired result follows. 
Lemma 2.9. Let S ∼= PSL4(q) and S  G  Aut(S). Then |cd(G|S)| > 5.
Proof. In Table 2, the Steinberg character St and the characters with partitions (2,2), (1,3), (1,1,2)
are extendible to G . By the semisimple characters χ1,χ2 of PGL4(q) (as in [23]), we may get via
Clifford’s theorem characters ψ1,ψ2 of S with degrees 1d1 (q − 1)(q2 − 1)(q3 − 1), 1d2 (q2 − 1)(q4 − 1),
where di |d. We consequently get characters η1, η2 of G with degrees e1d1 (q−1)(q2−1)(q3−1),
e2
d2
(q2−
1)(q4 − 1) also by Clifford’s Theorem 6.2 of [8]. Here ei divide 2(4,q − 1) f . Note that Out(S) = df g
and |PGL4(q) : PSL4(q)| = d, in our situation, d = (4,q − 1), g = 2 and eid j divide 2d2 f . We assert that
these six degrees are pairwise distinct.
If d2e1(q − 1)(q2 − 1)(q3 − 1) = d1e2(q2 − 1)(q4 − 1), we would derive a contradiction. It follows
that d2e1(q − 1)(q2 + q + 1) = d1e2(q + 1)(q2 + 1), thus q2 + 1|e1. Since q2 + q + 1 is coprime to
(q + 1)(q2 + 1), we get that q2 + q + 1 divides d1e2 and so does 2d2 f . If q is even, then d = 1 and
q2 + q + 1 > 2 f (using Lemma 2.3), yielding a contradiction. Now we assume that q is odd. Because
(q + 1,q − 1) = 2, (q2 + 1,q − 1) = 2 and (q + 1,q2 + 1) = 2, we have that q+12 q
2+1
2 divides d2e1,
then (q + 1)(q2 + 1) divides 8d2 f , thus (q + 1)(q2 + 1)(q2 + q + 1) divides 8d2 f  32 f , however,
(q+ 1)(q2 + 1)(q2 + q+ 1) > q5 > (2 f + 1)5 > 32 f , again a contradiction, which shows η1(1) = η2(1).
Furthermore, similar calculations show that these six degrees are pairwise different. The proof is
ﬁnished. 
Lemma 2.10. Let S be a simple group of type An(q), n 4. Then |cd(G|S)| > 5.
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Character degrees of groups of classical Lie type.
Groups Labels Degrees
A3(q) St q6
(2,2) q2(q2 + 1)
(1,3) q(q2 + q + 1)
(1,1,2) q3(q2 + q + 1)
χ1 (q − 1)(q2 − 1)(q3 − 1)
χ2 (q2 − 1)(q4 − 1)
An(q), n 4 St qn(n+1)/2
(2,n − 1) q2(qn−2−1)(qn+1−1)
(q−1)(q2−1)
(1,n) q(q
n−1)
q−1
(1,1,n − 1) q3(qn−1−1)(qn−1)
(q−1)(q2−1)
(1,1,1,n − 2) q6(qn−2−1)(qn−1−1)(qn−1)
(q−1)(q2−1)(q3−1)
(1,2,n − 2) q4(qn−3−1)(qn−1−1)(qn+1−1)
(q−1)2(q3−1)
2 An(q2), n 4 St qn(n+1)/2
(1,n) q(q
n−(−1)n)
q+1
(2,n − 1) q2(qn−2−(−1)n−2)(qn+1−(−1)n+1)
(q+1)(q2−1)
(1,1,n − 1) q3(qn−1−(−1)n−1)(qn−(−1)n)
(q+1)(q2−1)
(1,1,1,n − 2) q6(qn−1−(−1)n−1)(qn−(−1)n)(qn+1−(−1)n+1)
q3+1
(1,2,n − 2) q4(qn−3−(−1)n−3)(qn−1−(−1)n−1)(qn+1−(−1)n+1)
(q+1)2(q3+1)
Bn(q), Cn(q), n 3 St qn2(
0 n − 1
2
)
q2(qn−3+1)(qn−1−1)(q2n−1)
2(q2−1)2(
1 2 n
0 1
)
q4(qn−2−1)(q2(n−1)−1)(qn+1)
2(q2−1)2(
1 n − 1
1
)
q3(q2(n−2)−1)(q2n−1)
(q2−1)2(
1 n
0
)
q(qn+1)(qn−1−1)
2(q−1)(
0 n
1
)
q(qn−1)(qn−1+1)
2(q−1)
Proof. Using Table 2, the result follows. The degrees of the unipotent characters in Table 2 can be
computed by formulas from [3, §13.8]. The extendibility of these characters can be veriﬁed by [12,
Theorems 2.4–2.5]. 
Type 2An(q2)
Lemma 2.11. Let q = p f with prime p and f  1. Then q + 1 > 3 f unless p = 2 and f  3, in which case
q + 1 3 f .
Proof. Set f (x) = px + 1− 3x, hold the prime number p ﬁxed and view x as variable over the range
1 x < +∞, then the derivative f ′(x) = px ln p − 3. When x 1 and p  3, f ′(x) > 0, and so f (x) is
an increasing function, f (x) f (1) = p − 2 > 0. Hence q + 1 > 3 f if f  1 and p  3.
If p = 2 and f  4, then
2 f = (1+ 1) f = 1+ f + f ( f − 1)
2
+ f ( f − 1)( f − 2)
6
+ f ( f − 1)( f − 2)( f − 3)
24
+ · · ·
> 1+ f + f + f = 3 f + 1.
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required. 
On the greatest common divisor (x, y) of two integers x, y, we shall frequently use the basic facts
that, for any integers a,b, c,d, (x, y) always divides (ax+by, cx+dy), and thus (x, y) (ax+by, cx+
dy). And (x, y) = (x ± y, y) = (x, y ± x). When (m, x) = 1, it is valid that (x,my) = (x, y). Recall that
PSU3(2) is solvable.
Lemma 2.12. Let S be a simple group of classical Lie type and isomorphic to PSU3(q), q  3 and S  G 
Aut(S). Then |cd(G|S)| > 5.
Proof. By Table 2 of [19] (or in the proof of [16, Lemma 3.6]), we get the character degrees of S as
follows:
1 q2 − q + 1 (q − 1)(q2 − q + 1)
q3 q
(
q2 − q + 1) (q + 1)(q2 − q + 1)
q(q − 1) (q − 1)(q + 1)2 1
d
(q + 1)(q2 + q + 1).
Here d = (3,q + 1). And |Out(S)| = 2df , where q = p f .
Assume that p = 2 and f = 2. Then |Out(S)| = 4 and
cd(S) = {1,12,13,39,52,64,65,75}.
The degrees of unipotent characters of S are 12,64, so cd(G|S) contains
{12,64,13a1,39a2,65a3,75a4}
where each ai divides 4. It is routine to check these degrees are pairwise different, and thus
|cd(G|S)| > 5.
Assume that p = 2 and f = 3. Then |Out(S)| = 18 and
cd(S) = {1,56,57,133,399,456,512,513,567}.
The degrees of unipotent characters of S are 512,56, and so cd(G|S) contains
{56,512,399a1,456a2,513a3,567a4}
where each ai divides 18. Note that the prime power factorizations 399 = 3×7×19, 456 = 23×3×19,
513 = 33 × 19, 567 = 7 × 92, the standard arguments then yield that these degrees are pairwise
distinct.
Assume that this is not the cases that f  3 and p = 2. Lemma 2.11 yields that q + 1 > 3 f .
Let θi(1) equal respectively to q2 − q + 1,q(q2 − q + 1), (q − 1)(q + 1)2, 1d (q + 1)(q2 + q + 1) for
θi ∈ Irr(S) and 1 i  4. Let χi be an irreducible constituent of θGi for 1 i  4. Using Corollary 11.29
of [8], it follows that χi(1) = aiθi(1) and each ai divides 2df .
If χ1(1) = χ2(1) then a1(q2 − q + 1) = a2q(q2 − q + 1), and so a1 = a2q, thus q|2df . Be-
cause (q,d) = 1, q|2 f , this is a contradiction since q > 2 f (using Lemma 2.4). Thus we conclude
χ1(1) = χ2(1). By the standard argument as above, we can obtain that the degrees χi(1), 1  i  4,
are pairwise distinct.
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by (1,2) of degree q(q − 1) is unipotent and also extendible to G by [12, Theorems 2.4–2.5].
Since neither of q3 or q(q− 1) is divisible by any of χi(1), 1 i  4, we conclude the six character
degrees are pairwise distinct and thus |cd(G|S)| 6. The whole proof is completed. 
Lemma 2.13. Let S = PSU4(q), q 2 and S  G  Aut(S). Then |cd(G|S)| > 5.
Proof. By Lemma 3.8 of [16], when q  4, PU4(q) has two characters χ1 and χ2 with degrees
(q+1)(q2 −1)(q3 +1) and q(q2 +1)(q3 +1), respectively. Thus, applying Clifford’s Theorem 6.2 of [8],
S has irreducible characters ψ1 and ψ2 with degrees 1d1 (q+1)(q2 −1)(q3 +1) and 1d2 q(q2 +1)(q3 +1).
Here di divides d = (4,q+ 1). Also by Clifford’s theorem, G has irreducible characters η1 and η2 with
degrees c1d1 (q + 1)(q2 − 1)(q3 + 1) and
c2
d2
q(q2 + 1)(q3 + 1), where ci|2df and q = p f .
If q = 2, by Atlas, we may pick ψ1(1) = 5 and ψ2(1) = 15.
If q = 3, by Atlas, we may choose ψ1(1) = 35 and ψ2(1) = 210.
Also, S possesses the unipotent characters St,χ(1,3),χ(2,2),χ(1,1,2) with degrees q6,q2(q2 + 1),
q(q2 − q + 1),q3(q2 − q + 1), which are extendible to G by [12, Theorems 2.4–2.5].
Note that (q,d) = 1 and q > 2 f for q > 2, we readily conclude that the six degrees c1d1 (q + 1)(q2 −
1)(q3 + 1), c2d2 q(q2 + 1)(q3 + 1), q6, q2(q2 + 1), q(q2 − q+ 1), and q3(q2 − q+ 1) are pairwise different
in cd(G|S).
For S = PSU4(2), it follows that St(1) = 64, χ(1,3)(1) = 6, χ(2,2)(1) = 20, χ(1,1,2)(1) = 24. And
|Out(S)| = 2. Let χ1, χ2 be irreducible constituents of ψG1 ,ψG2 , respectively. Then χ1(1) equals 5
or 10, and χ2(1) equals 15 or 30. Hence, in any case, cd(G|S) always contains at least six members.
For S = PSU4(3), it follows that St(1) = 729, χ(1,3)(1) = 21, χ(2,2)(1) = 90, χ(1,1,2)(1) = 189.
And |Out(S)| = 8. Let χ1,χ2 be irreducible constituents of ψG1 ,ψG2 , respectively. Then χ1(1) equals
35,70,140 or 280, and χ2(1) equals 210,420,840 or 1680. Therefore, in any case, cd(G|S) always
contains at least six members. The proof is ﬁnished. 
Lemma 2.14. Let S = 2An(q2), n 4 and S  G  Aut(S). Then |cd(G|S)| > 5.
Proof. By Table 2, this yields the result. The degrees in Table 2 can be mainly found in [3]. The
extendibility of these characters can be veriﬁed by [12, Theorems 2.4–2.5]. 
Types Bn(q) and Cn(q)
Recall that B2(2) ∼= C2(2) is nonsimple.
Lemma 2.15. Let the nonabelian simple group S be of type B2(q) ∼= C2(q) for q  3 and S  G  Aut(S).
Then |cd(G|S)| > 5.
Proof. By [3, 13.8], S has unipotent characters labelled by the symbols
(
1 2
0
)
,
(
0 2
1
)
,
(
0 1 2
−
)
of degrees
q(q2 + 1)
2
,
q(q + 1)2
2
,
q(q − 1)2
2
.
Together with the Steinberg character St of degree q4, they are extendible to G by [12, Theorems 2.4–
2.5] except for the character of degree q(q
2+1)
2 , which implies that G has an irreducible character of
degree eq(q
2+1)
2 , here e > 1. It is easy to see that these degrees are pairwise distinct. By Lemmas 3.9
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respective degrees q
2(q2+1)
2 ,q(q + 1)(q2 + 1) and q(q − 1)(q2 + 1). Using Atlas, |Out(S)| = 2 f . Note
that q > 2 f + 1 unless p = 2 and f  2, where q = 2 f by Lemma 2.4. The application of Clifford’s
theorem yields that G possesses irreducible characters of degrees b1
q2(q2+1)
2 ,b2q(q + 1)(q2 + 1) and
aq(q− 1)(q2 + 1), where the positive integers a and bi divide 2 f . We claim that neither of b1 q2(q2+1)2
or b2q(q+1)(q2+1) is equal to aq(q−1)(q2+1). If b1 q2(q2+1)2 = aq(q−1)(q2+1), then b1q = 2a(q−1).
As q is odd in this case, q divides a, a contradiction. If b2q(q + 1)(q2 + 1) = aq(q − 1)(q2 + 1), then
b2(q+ 1) = a(q− 1). As q is even, (q+ 1,q− 1) = 1, so q+ 1|a and q 2 f , again a contradiction since
q + 1 > 2 f .
By using the same arguments as above, we can ﬁnally achieve that these six degrees are pairwise
distinct. The proof is completed. 
Lemma 2.16. Let the nonabelian simple group S be of types Bn(q), Cn(q) for n 3 and S  G  Aut(S). Then
|cd(G|S)| > 5.
Proof. The desired character degrees are derived from Table 2, in which the corresponding characters
are extendible to G by [12, Theorems 2.4–2.5]. 
Types Dn(q)
Let S be a simple group of type Dn(q) and |Out(S)| = df g . Consulting the Atlas, f is deﬁned
by q = p f and (d,q) = 1 in all cases. If n > 4 is even, then d = (2,q − 1)2; if n > 4 is odd, then
d = (4,qn − 1). The parameter g = 2 unless n = 4, in which case g = 6.
Lemma 2.17. Let the nonabelian simple group S be of type Dn(q) for n 5, q  2 and S  G  Aut(S). Then
|cd(G|S)| > 5.
Proof. The unipotent characters in Table 3 are extendible to G by [12, Theorems 2.4–2.5].
By [13, Lemma 2.3] or [16, Lemma 3.13], we can deduce that S has an irreducible character ψs
with degree
ψs(1) = a(q − 1)(q
n−1 − 1)(qn − 1)(q4 − 1)(q6 − 1) · · · (q2(n−2) − 1)
(4,qn − 1) ,
where a|(4,qn − 1). Using Clifford’s theorem, G has an irreducible character of degree eψs(1), where
e divides df g , (ψs(1),q) = 1 and (d,q) = 1. The parameter g = 2 when n 5.
Because (4,qn − 1) < q2 − 1, it follows that ψs(1) > q(qn−2+1)(qn−1)q2−1 .
We claim that (q2,2 f ) < q2. If this is true, then we may deduce that eψs(1) is unequal to any
other unipotent character degrees, each of which has a divisor q2.
If (q2,2 f ) = q2, then q2 divides 2 f . It is easily checked that f is equal to neither 1 nor 2, thus
Lemma 2.4 shows q2 > q > 2 f + 1, yielding a contradiction, which shows the claim is true. 
Lemma 2.18. Let the nonabelian simple group S be of type D4(q) and S  G  Aut(S). Then |cd(G|S)| > 5.
Proof. The result follows from the ﬁrst six unipotent characters in Table 3. 
Type 2Dn(q2)
Let S be a simple group of type 2Dn(q2) and |Out(S)| = df g . Consulting the Atlas, one knows
q2 = p f ,d = (4,qn + 1) and g = 1 when n 4.
Lemma 2.19. Let S be a nonabelian simple group of type 2D4(q2) and S  G  Aut(S). Then |cd(G|S)| > 5.
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Character degrees of groups of classical Lie type.
Groups Labels Degrees
D4(q) St q12(
3
1
)
q(q2 + 1)(
1 2 4
0 1 2
)
q6(q4 + q2 + 1)(
1 3
0 2
)
q3(q+1)3(q3+1)
2(
2 3
0 1
)
q3(q2+1)2(q2−q+1)
2(
1 2
0 3
)
q3(q2+1)2(q2+q+1)
2
Dn(q), n 5 St qn(n−1)(
n−1
1
)
q · (qn−2+1)(qn−1)
q2−1(
n−2
2
)
q2(qn−4+1)(q2(n−1)−1)(qn−1)
(q2−1)(q4−1)(
1 2 n
0 1 2
)
q6(q2(n−2)−1)(q2(n−1)−1)
(q2−1)(q4−1)(
1 n−2
1 2
)
q6(qn−4+1)(q2(n−3)−1)(q2(n−1)−1)(ql−1)
(q−1)3(q+1)2(q2+1)
Table 4
Character degrees of groups of classical Lie type.
Groups Labels Degrees
2D4(q2) St q12(
1 2 3
0
)
q3(q4+1)(q2−q+1)
2(
1 3
−
)
q(q4 + 1)(
0 1 2 4
1 2
)
q6(q4 + q2 + 1)(
0 2 3
1
)
q3(q4+1)(q2+q+1)
2
2Dn(q2), n 5 St qn(n−1)(
1 n−1
−
)
q(qn−2−1)(qn+1)
q2−1(
0 1 2 n
1 2
)
q6(q2(n−2)−1)(q2(n−1)−1)
(q2−1)(q4−1)(
2 n−2
−
)
q2(qn−4−1)(q2(n−1)−1)(qn+1)
(q2−1)(q4−1)(
0 2 n−1
1
)
q3(qn−3−1)(qn−2+1)(qn−1−1)(qn+1)
2(q2+1)(q−1)2
Proof. In Table 4, the top ﬁve characters are unipotent and extend to G by [12, Theorems 2.4–2.5].
Note that these degrees respectively contain nontrivial q-power divisors. Using [13, Lemma 2.3] or
[16, Lemma 3.15], we can derive that S has an irreducible character ψs with degree
a(q2 − 1)3(q2 + 1)(q2 − q + 1)(q2 + q + 1)
(4,q4 + 1) ,
where a|d = (4,q4 + 1).
Moreover, we can obtain via Clifford’s theorem that G an irreducible character of degree eψs(1),
where e|df g . Since (d,q) = 1, g = 1 and p f  2 f , it follows that the above degree does not contain
any nontrivial q-power divisor. Hence |cd(G|S)| > 5, as desired. 
Lemma 2.20. Let S be a nonabelian simple group of type 2Dn(q2) for n > 4, and S  G  Aut(S). Then
|cd(G|S)| > 5.
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Extendible characters of groups of exceptional Lie type.
Groups Labels Degrees Groups Labels Degrees
G2(q),q = 2 φ1,6 q6 E6(q) φ1,36 q36
φ2,1
1
6 qΦ
2
2Φ3 φ6,1 qΦ8Φ9
G2[1] 16 qΦ21Φ6 φ20,2 q2Φ4Φ5Φ8Φ12
φ2,2
1
2 qΦ
2
2Φ6 φ64,4 q
4Φ32Φ
2
4Φ
2
6Φ8Φ12
G2[−1] 12 qΦ21Φ3 φ60,5 q5Φ4Φ5Φ8Φ9Φ12
G2[θ] 13 qΦ21Φ22 φ81,6 q6Φ33Φ26Φ9Φ12
3D4(q3) φ1,6 q12 2E6(q2) φ1,24 q36
φ′1,3 qΦ12 φ′2,4 qΦ8Φ18
Φ2,2
1
2 q
3Φ22Φ12 φ4,1 q
2Φ4Φ8Φ10Φ12
Φ2,1
1
2 q
3Φ22Φ
2
6 φ
′
4,7 q
5Φ4Φ8Φ10Φ12Φ18
3D4[−1] 12Φ21Φ23 φ′9,6 q6Φ23Φ26Φ12Φ18
3D4[1] 12Φ21Φ12 φ′′8,3 q6Φ24Φ8Φ12Φ18
F4(q) φ1,24 q24 2B2(q2), q2 = 2 St q4
φ9,2 q2Φ23Φ
2
6Φ12
2B2[a] 1√2 qΦ1Φ2
φ9,10 q10Φ23Φ
2
6Φ12 χ1 Φ8
φ4,1
1
4 qΦ
2
2Φ
2
6Φ8 χ2 Φ1Φ2Φ
′
8
φ4,13
1
2 q
13Φ22Φ
2
6Φ8 χ3 Φ1Φ2Φ
′′
8
φ12,4
1
24 q
4Φ42Φ
2
3Φ8Φ12
Proof. In Table 4, the top ﬁve characters of 2Dn(q2) are unipotent and extend to G by [12, Theo-
rems 2.4–2.5]. Note that each of these degrees has a nontrivial q-power divisor. Using [13, Lemma 2.3]
or [16, Lemma 3.15], we can deduce that S has an irreducible character ψs with degree
ψs(1) = a(q
2 − 1)(q4 − 1) · · · (q2(n−1) − 1)
(4,qn + 1) ,
where a|d = (4,qn + 1).
Furthermore, we may get via Clifford’s theorem that G has an irreducible character of degree
eψ1(1), where e|df g . Because (d,q) = 1, g = 1 and p f  2 f , we reach that the above degree has no
any nontrivial q-power divisor. Therefore |cd(G|S)| > 5, as desired. 
Exceptional Lie type
The degrees in Tables 5–6 can be found in [3,13,16,22].
Lemma 2.21. Let S be a simple group of exceptional Lie type and suppose that S  G  Aut(S). Then
|cd(G|S)| > 5 unless S ∼= 2B2(q2), q2 = 2, in which case |cd(G|S)| 5.
Proof. If S ∼= 2B2(q2), q2 = 2, then by [21], |cd(S)| = 6. Thus, for G = S , |cd(G|S)| = 5, these ﬁve
degrees are listed in Table 5. Also |Aut(S) : S| = f , where q2 = 22m+1 = 2 f . Since f = 2m + 1, f = 2.
We generally get |cd(G|S)| 5. Note that 2 f > 2 f + 1 unless f = 2, where 2 f = 2 f by Lemma 2.4.
For S ∼= 2G2(q2), q2 = 3, neither of ξ2 or ξ4 in Table 6 is unipotent. By [4], Out(S) is cyclic of
order f , where q2 = 3 f and f is an odd number. Applying [8, Corollary 11.29], G has irreducible
characters with degrees aξ2(1) and bξ4(1) such that a and b divide f . We assert that either of aξ2(1)
or bξ4(1) can not equal the other four unipotent character degrees in Table 6, whose corresponding
characters are extendible to G .
Lemma 2.4 yields that if m > 1, then 3m > 2m + 1 = f . Thus when m > 1, the degree aΦ12 is
not equal to any one of q6, 1√ qΦ1Φ2Φ4, 1√ qΦ1Φ2Φ ′12,
1√ qΦ1Φ2Φ ′′12, this is because
1√
q q = 3m3 2 3 2 3
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Extendible characters of groups of exceptional Lie type.
E7(q) φ1,63 q63
φ7,1 qΦ7Φ12Φ14
φ27,2 q2Φ23Φ
2
6Φ9Φ12Φ18
φ21,3 q3Φ7Φ9Φ14Φ18
φ189,5 q5Φ23Φ
2
6Φ7Φ9Φ12Φ14Φ18
φ210,6 q6Φ5Φ7Φ8Φ9Φ10Φ14Φ18
E8(q) φ1,120 q120
φ8,1 Φ
2
4Φ8Φ12Φ20Φ24
φ35,2 q2Φ5Φ7Φ10Φ14Φ15Φ20Φ30
φ560,6 q5Φ24Φ5Φ7Φ
2
8Φ10Φ12Φ15Φ20Φ24Φ30
φ567,6 q6Φ33Φ
3
6Φ7Φ9Φ
2
12Φ14Φ15Φ18Φ24Φ30
φ3240,9 q9Φ33Φ
2
4Φ5Φ
3
6Φ8Φ9Φ10Φ
2
12Φ15Φ18Φ20Φ24Φ30
2G2(q2), q2 = 3 ε q6
cusp 1√
3
qΦ1Φ2Φ4
cusp 1
2
√
3
qΦ1Φ2Φ ′12
cusp 1
2
√
3
qΦ1Φ2Φ ′′12
ξ2 Φ12
ξ4 q2Φ12
2 F4(q2), q2 = 2 ε q24
ε′ q2Φ12Φ24
ε′′ q10Φ12Φ24
2B2[b],1 1√2 qΦ1Φ2Φ24Φ6
2B2[a], ε 1√2 q13Φ1Φ2Φ24Φ6
ρ ′2
1
4 q
4Φ24Φ
′′2
8 Φ12Φ
′
24
cannot divide aΦ12, but it does the four unipotent character degrees. When m = 1, it follows by sim-
ple calculation that the four unipotent character degrees (in that order) are 19683,2184,975,1029,
respectively. But aΦ12 = 703a, where a = 1 or 3, hence they are unequal. For bq2Φ12, it is easily seen
that q6 is not equal to bq2Φ12. Furthermore, the other three unipotent character degrees are each not
divisible by q2, accordingly, unequal to bq2Φ12. Hence the assertion is valid.
The characters of the remaining cases in Tables 5–6 are all unipotent, and so are extendible to G
by [12, Theorems 2.4–2.5] and these degrees are pairwise different in each case, yielding the desired
result. 
2.3. Conclusion
Theorem 2.22. Assume that S is a nonabelian simple group and S  G  Aut(S). Then |cd(G|S)| > 5 except
possibly when S is one of the following types:
1. S ∼= PSL2(q), q 4, where |cd(G|S)| 3; for the detailed information, see Lemma 2.1 and Theorem 2.6.
2. S ∼= PSL3(4) and G/S is abelian, where |cd(G|S)| 5.
3. S ∼= 2B2(q2), q2 = 2, where |cd(G|S)| 5.
Proof. By the above lemmas. 
3. Nonsolvable groups
Lemma 3.1. Let S be a nonabelian simple group of Lie type so that rank  2. Then there exists nonlinear
τ ∈ Irr(S) so that |π(τ (1))| > 1 and τ is extendible to Aut(S). Moreover τ (1) 4.
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Extendible characters of groups of Lie type with rank  2.
Groups Labels Degrees
An(q), n 2 (1,n) q · qn−1q−1
2 An(q2), n 2 (1,n) q · qn−(−1)nq+1
Bn(q), Cn(q), n 3
(
1 2 l
0 1
)
1
2 q
4 · (ql−2−1)(q2(l−1)−1)(ql+1)
(q2−1)2
B2(q),C2(q)
(
0 2
1
)
1
2 q(q + 1)2
Dn(q), n 4
(
n−1
1
)
q · (qn−2+1)(qn−1)
q2−1
2Dn(q), n 4
(
1 n−1
−
)
q · (qn−2−1)(qn+1)
q2−1
G2(q) φ2,1
1
6 qΦ
2
2Φ3
3D4(q3) φ′1,3 qΦ12
F4(q) φ9,2 q2φ23φ
2
6φ12
E6(q) φ6,1 qΦ8Φ9
2E6(q2) φ′2,4 qΦ8Φ18
E7(q) φ7,1 qΦ7Φ12Φ14
E8(q) φ8,1 Φ24Φ8Φ12Φ20Φ24
2B2(q2) 2B2[a] 1√2 qΦ1Φ2
2G2(q2) cusp 1√3 qΦ1Φ2Φ4
2 F4(q2) ε′ q2Φ12Φ24
Proof. One knows by [3, §13.8] that all characters of Table 7 are unipotent. Applying Theorems 2.4
and 2.5 of [12], we conclude that every character of Table 7 is extendible to Aut(S). 
Recall that A5 ∼= PSL2(4) ∼= PSL2(5) and A6 ∼= PSL2(9), they will be handled as PSL2(q). The following
result is closely related to a special case of our problem.
Lemma 3.2. Suppose that the nonabelian N is the unique minimal normal subgroup of G with |cd(G|N)| 5.
Then N is a simple group.
Proof. Let N be a direct product W1 ×W2 ×· · ·×Wt of t copies of nonabelian simple group W . Then
G acts transitively on the collection {W1,W2, . . . ,Wt}. Assume that t  2, and we work towards a
contradiction. Let T = NG(W1) be the normalizer of W1 in G . Then t = |G : T |.
Case 1. Assume that W is isomorphic to one of sporadic simple groups, alternating groups An
(n 7) or Tits group 2F4(2)′ . Applying the proofs of Lemmas 2.1 and 2.2, W has at least six nonlinear
irreducible characters of different degrees, which can extend to Aut(W ). Using Lemma 5 of [2], for
any t  1, we always get that |cd(G|N)| > 5. This is a contradiction.
Case 2. Assume t  3 and S is isomorphic to a nonabelian simple group of Lie type with rank
 2. Let the nonlinear σ ,τ ∈ Irr(W1) be as in Lemmas 2.3 and 3.1. It follows by [17] that the inertia
groups IG(σ ) and IG(τ ) of σ and τ in G are both equal to T . Let η1 = σ × σ × · · · × σ , η2 =
σ × 1 × 1 × · · · × 1, η3 = 1 × σ × · · · × σ , η4 = τ × σ × 1 × · · · × 1, η5 = τ × σ × σ × 1 × · · · × 1,
η6 = τ × τ × σ × 1 × 1 × · · · × 1. It follows that T = IG(η2) = IG(η3) = IG(η4) = IG(η5) = IG(η6).
Here IG(ηi) is the inertia group of ηi in G for 1  i  6. Furthermore the characters ηi , 2  i  6,
are extendible to T by Theorem 25.6 of [7] (following the similar manner as in the proof of [14,
Lemma 3]). The character η1 has an extension to G by Lemma 5 of [2] and so σ(1)t ∈ cd(G|N). Thus
the degrees σ(1)t , tσ(1), tσ(1)t−1, tσ(1)τ (1), tσ(1)2τ (1) and tσ(1)τ (1)2 are pairwise distinct and
lie in cd(G|N) (by Clifford’s correspondence), which contradicts |cd(G|N)| 5.
Case 3. Assume that t  3 and S ∼= PSL2(q). Let σ be the Steinberg character and θ ∈ Irr(S) with
degree q − 1. Choose η1 = σ × σ × · · · × σ , η2 = σ × 1 × 1 × · · · × 1, η3 = 1 × σ × · · · × σ , η4 =
θ × σ × 1 × · · · × 1, η5 = θ × σ × σ × 1 × · · · × 1, η6 = θ × θ × σ × 1 × 1 × · · · × 1. Hence cd(G|N)
82 L. He, G. Zhu / Journal of Algebra 372 (2012) 68–84contains pairwise distinct members such as qt, tq, tqt−1, e(q − 1)q, e(q − 1)q2,d(q − 1)2q, where t
divides d dividing e. This contradicts our hypothesis.
Case 4. Assume that t = 2 and S ∼= PSL2(q). η1 = σ × σ , η2 = σ × 1, η3 = σ × θ , η4 = σ × μ,
η5 = μ× θ , η6 = μ×μ. Here θ(1) = q− 1, σ(1) = q, μ(1) = q+ 1 lie in cd(S) by Lemma 2.4. G/N is
isomorphic to a subgroup of Out(N) ∼= Out(S) S2, whose order is f 2 · (q − 1,2)2 · 2. Here q = p f .
It follows that cd(G|N) contains σ(1)2, σ (1)|G : T2|, σ (1)θ(1)|G : T3|, σ(1)μ(1)|G : T4|, μ(1)θ(1)|G :
T5|, and μ(1)2|G : T6|. We shall prove these degrees are pairwise different. As above, Ti is the inertia
group of ηi in G . Obviously, each |G : Ti | divides |Out(N)|.
It is easily seen that σ(1)2, σ (1)|G : T2| and σ(1)θ(1)|G : T3| are pairwise distinct. Moreover
σ(1)μ(1)|G : T4| is unequal to σ(1)2, |G : T2|σ(1). Note that |G : T2| is less than or equal to |G : T3|
and |G : T4|.
Subcase 1. We claim that σ(1)μ(1)|G : T4| = σ(1)θ(1)|G : T3|. If this is false, then μ(1)|G : T4| =
θ(1)|G : T3|, thus μ(1)θ(1) divides f 2 · (q − 1,2)2 · 2 (since (μ(1), θ(1)) = 1), hence q2 − 1 divides
2 f 2 · (q − 1,2)2. When q = 2 f , q2 − 1 2 f 2, this is a contradiction since q2 − 1 4 f 2 − 1 > 2 f 2 (by
Lemma 2.4). When q = p f for odd p, q2 −1 8 f 2, again a contradiction since q2 −1 9 f 2 −1 > 8 f 2
when f > 1 (by Lemma 2.11). Note that q2 − 1  8 unless odd q = 3.
Subcase 2. The degree μ(1)θ(1)|G : T5| is not equal to its preceding members. If μ(1)θ(1)|G : T5| =
σ(1)μ(1)|G : T4|, then θ(1)σ (1) divides f 2 · (q − 1,2)2 · 2. When q = 2 f , (q − 1)q  2 f 2, however,
(q− 1)q > (2 f − 1)2 f > 2 f 2 when f  2, a contradiction. Note that 12  8 when f = 2. When q = p f ,
p  3, (q− 1)q 8 f 2, however, q(q− 1) 3 f (3 f − 1) > 8 f 2 while f  4. Note that (q− 1)q does not
divides 8 f 2 while f  3. Likewise, we may deduce the other inequalities.
Subcase 3. The degree μ(1)2|G : T6| is not equal to its previous members. Using the same argu-
ment as above, we may obtain the desired results.
Hence cd(G|N) contains such members as σ(1)2, 2σ(1), σ(1)θ(1)|G : T3|, σ(1)μ(1)|G : T4|,
μ(1)θ(1)|G : T5|, μ(1)2|G : T6|, which are pairwise different.
Case 5. Assume that t = 2 and S is isomorphic to a nonabelian simple group of Lie type with rank
 2. Then N = W1 ×W2 and the indices of NG(Wi) in G are equal to 2, thus both of them are normal
in G and so NG(W1) = NG(W2). Let η1 = σ × σ , η2 = 1 × σ , η3 = σ × τ , η4 = τ × τ , η5 = 1 × τ ,
where σ ,τ are as in Lemmas 2.3 and 3.1. It follows that the inertia groups are the same, i.e., T =
IG(η1) = IG(η2) = IG(η3) = IG(η4) = IG(η5) = NG(W1). Considering ηi extendible to T , we conclude
that cd(G|N) contains 2ηi(1), 1  i  5, which are pairwise unequal. Because G is nonsolvable, it
follows that G has not normal 2-complement. The application of Thompson’s theorem (12.2 of [8])
yields that cd(G) − {1} contains an odd number, and so |cd(G|N)| 6. This is our ﬁnal contradiction,
which forces t = 1, i.e. N is a nonabelian simple group. The whole proof is completed. 
Proof of Theorem A. If K is another minimal normal subgroup of G , then |cd(G/K |NK/K )| 
|cd(G|N)| 5. By induction applied to |G/K | + |NK/K |, it follows that N ∼= NK/K is a simple group
as stated. Thus we are reduced to the case that N is the unique minimal normal subgroup of G . Using
Lemma 3.2, N is also a simple group. And Lemma 3.1 deduces that N is isomorphic to PSL2(q) for
q  4, PSL3(4) or 2B2(q2), q2 = 2. The remaining results follow from the preceding Lemmas 2.6, 2.8
and 2.21. 
Proof of Theorem B. We argue by induction on |G| + |N|. Since |cd(G/V |U/V )| |cd(G|N)| 5, the
application of the induction argument on G/V yields that |cd(G/U )| 3 and U/V is a simple group
as stated. Now we shall prove that V is solvable. If otherwise, we may let W /X be a nonsolvable chief
factor of G with W  V , then again by induction on |G/X | + |W /X |, it follows that |cd(G/W )|  3,
Theorem 12.15 of [8] shows that G/W is solvable, which forces U/V is also solvable, however, this
contradicts our hypothesis. Therefore, we conclude that V is solvable. Thus we are reduced to the
case that N is a minimal normal subgroup of G . By Theorem 3.3, we obtain that N is a simple group
as stated.
We claim that |cd(G/N)| 3. If otherwise, |cd(G/N)| 4. Note that G/N × CG(N) Out(N).
Assume that N ∼= PSL2(q), 5 = q  4. Using the Steinberg character via Gallagher’s theorem, we
may get that cd(G) contains q,a1q,a2q,a3q, where as ∈ cd(G/N). Also θGi and χGj have respectively
irreducible constituents with different degrees b1(q − 1),b2(q + 1), where bt |2 f .
L. He, G. Zhu / Journal of Algebra 372 (2012) 68–84 83If asq = b1(q − 1), then q|b1 and so q|2 f , which is impossible other than PSL2(2) and PSL2(4).
However, PSL2(2) ∼= S3 is not simple and PSL2(4) ∼= A5, thus asq = b1(q−1). Likewise, we may deduce
asq = b2(q + 1). Hence |cd(G|N)| 6, this contradicts our hypothesis. Thus |cd(G/N)| 3.
Now suppose that N is isomorphic to PSL3(4). By Atlas, cd(N) = {1,20,35,45,63,64}, whose cor-
responding characters are respectively denoted by ηi for 1  i  6, and Out(N) = C2 × S3, whose
order is |Out(N)| = 12. Using the argument similar to last paragraph, we can obtain that cd(G) con-
tains distinct degrees 64,64a1,64a2,64a3, where as ∈ cd(G/N). Also the characters ηGi , 2  i  5,
respectively possess irreducible constituents with different degrees 20b2,35b3,45b4,63b5. Here all
bi divide 12. It is straightforward to verify that the intersection of {64,64a1,64a2,64a3} with {20b2,
35b3,45b4,63b5} is empty. Hence |cd(G|N)| 8, again a contradiction. By the proof of this paragraph,
we also deduce that if |cd(G/N)| 2, then |cd(G|N)| 6, contrary to our hypothesis. Thus we obtain
that |cd(G/N)| = 1, which implies that G/N is abelian.
Finally we assume that N ∼= 2B2(q2), where q2 = 22m+1,m  1. Applying [13, Lemma 2.5] or
[21], cd(N) = {1,q4, 1√
2
q(q2 − 1),q4 + 1, (q2 − 1)(q2 + √2q + 1), (q2 − 1)(q2 − √2q + 1)}. Recall that
|Out(N)| = 2m + 1. As above, the positive integers
a1q
4,a2q
4,a3q
4,a4q
4,
1√
2
c1q
(
q2 − 1), c2(q4 + 1),
c3
(
q2 − 1)(q2 + √2q + 1), c4(q2 − 1)(q2 − √2q + 1)
all lie in cd(G). Here ai ∈ cd(G/N) and each ci divides 2m + 1. Considering 22m+1 > 4m + 2
(Lemma 2.4), it is routine to check these positive integers are pairwise distinct. Thus |cd(G|N)|  8,
also a contradiction. Therefore, we conclude that |cd(G/N)| 3. In this case, we may also derive that
if |cd(G/N)| 2, then |cd(G|N)| 6, a contradiction. Thus we reach that G/N is abelian. The proof is
ﬁnished. 
Proof of Corollary C. Let G(n) = G(n+1) in the derived series of G for some natural number n. Let
V < G(n) be maximal such that G/V is nonsolvable. Let U > V be normal in G such that U/V is a
chief factor of G . Then U/V is the unique minimal normal subgroup of G/V and it is nonsolvable.
Thus G/U  Out(U/V ) and U/V lies in G(n)/V , which yields that U  G(n) and so U = G(n) (by
the maximality of V ). Considering |cd(G|U )|  5, the application of Theorem B yields that U/V is
isomorphic to PSL2(q) for q  4, 2B2(q2), q2 = 2 or PSL3(4). If U/V ∼= PSL2(q) for 5 = q  4, then
G/U  Cd × C f = Out(U/V ), where d = (p − 1,2) and q = p f , thus G ′ = U . If U/V ∼= 2B2(q2), q2 = 2,
then G/U  C f = Out(U/V ), where q2 = p f , and so G ′ = U . If U/V ∼= PSL3(4), then G/U  C2 × S3 =
Out(U/V ), and Theorem B shows that G/U is abelian. Therefore, in any case, we always get that
G ′ = U . The solvability of V is also shown in Theorem B. The desired results follow. 
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